Abstract. We prove that if a 2 = b 2 = 0 for elements a, b of a ring R of characteristic zero and ab is not nilpotent, then there exists m ∈ N such that the group generated by 1 + ma and 1 + mb is free nonabelian. This is used to prove that a noncommutative positive-definite algebra with involution over an uncountable field contains a free nonabelian subsemigroup.
Consider the following general problem: when does a ring R (of characteristic zero) contain a free nonabelian subgroup, or subsemigroup, and how does one construct such free objects? In [2] Klein proved that if R is a noncommutative domain and the center of R is uncountable, then R contains free nonabelian subsemigroups. It is still an open problem whether every noncommutative division ring R contains a free nonabelian subgroup. In this paper we are interested in the case when R contains nilpotent elements. In [3] Marciniak and Sehgal proved that the group generated by a nontrivial bicyclic unit of an integral group ring Z[G] and by its conjugate (under the natural involution of Z[G]) must be free. Unexpectedly, this has led to a new insight into the structure of unit groups and in particular to new simple proofs of several results. Bicyclic units have the form 1 + a, where a 2 = 0. This result was generalized to algebras over C with involution * and endowed with a Hermitian inner product which is compatible with * , and to subgroups generated by 1 + a and 1 + a * , where a 2 = 0 [4] . In this paper we investigate the general case of subgroups generated by elements 1 + a and 1 + b, a 2 = b 2 = 0, in unit groups of rings.
Throughout the paper C, R + , Z and N denote the sets of complex, positive real, integer and natural numbers, respectively. By |a| we mean the absolute value of a ∈ C.
We will investigate torsion free rings with unity. J (R) denotes the Jacobson radical of a ring R. We say that an algebra A over C admits a trace function if there exists a C-linear map T r : A −→ C such that T r(ab) = T r(ba) for a, b ∈ A, T r(e) ∈ R + for all idempotents e ∈ A \ {0} and T r(n) = 0 for every nilpotent element n ∈ A.
Let x, y denote the subgroup of the ring R generated by two units x, y ∈ R. F 2 stands for the free group on two generators. 
, we have also 1 + a, 1 + b ∼ = F 2 . So assume that there exists a nontrivial relation between elements of the set S of nonzero words in a, b. Elements of S are of the form x(ab) n y where n ≥ 0, x ∈ {1, b}, y ∈ {1, a}. S can be ordered by lexicographic order assuming that a > b. So there is a relation of the form w = i α i w i , where α i ∈ C, w, w i ∈ S and w > w i for all i. Note that any word z ∈ S of length greater than the length of w has to contain w as a subword. Hence substituting i α i w i in place of w we can express z as a linear combination of words which are smaller than z. Repeating this argument we can prove that A = Lin C {z ∈ S : length of z ≤ length of w}. In particular dim C A < ∞. Let
First we will prove that n i ≤ 2 for each i. Clearly there exists a homomorphism φ i : is not nilpotent and we can find a basis {v 1 , v 2 } of C 2 such that φ(a)φ(b) = λ 0 0 0 , λ ∈ C \ {0}. From (1) it follows that φ(a) = p q 0 0 and φ(b) = r 0 s 0 for some p, q, r, s ∈ C. Because φ(a) and φ(b) are nilpotent we have p = r = 0. Now we can find m ∈ N such that |mq|, |ms| ≥ 2. In this case 1 + mφ(a), 1 + mφ(b) ∼ = F 2 , whence 1 + ma, 1 + mb ∼ = F 2 . This completes the proof of the first assertion of the theorem. Now assume that A admits a trace function T r and |T r(ab)| > 2T r (1) . By the first part of the proof we can assume that dimA < ∞. Hence J (A) is nilpotent. Define tr : A/J (A) −→ C by the rule tr(a + J (A)) = T r(a) for a ∈ A. Then tr is well defined because if a ∈ A is nilpotent, then T r(a) = 0. It follows also that tr(c) = 0 for all nilpotent elements c ∈ A/J (A). Of course tr is C-linear and tr(ab) = tr(ba) for a, b ∈ A/J (A). Moreover if e ∈ A/J (A) is a nonzero idempotent, then there exists a nonzero idempotent e ∈ A such that e = e + J (A). This implies tr(e) = T r(e) ∈ R + . It follows that tr is a trace function. By the proof of the first part of the theorem we know that
Let φ i denote the composition of the quotient map A −→ A/J (A) with the projection on the i−th factor of A/J (A). Then φ i (a) = 0 for i ≤ k because a 2 = 0 and
The trace function tr has the form tr = i λ i tr i , λ i ∈ R + , where tr i denotes the usual trace function. In fact, it is easy to verify that the trace function on matrices has to be a scalar multiple of the usual trace function. The condition
a contradiction. Hence we can find i 0 such that |q i0 s i0 | > 4. It is clear that
where
Next we will prove a few corollaries concerning rings R with involution * satisfying the condition: aa * = 0 =⇒ a = 0 for a ∈ R. This is the positive-definite condition explored in By U (R) and Z(R) we denote the group of units and the center of a ring R, respectively. (1) R contains nonzero nilpotent elements, (2) R contains noncentral idempotents.
Proof. (1) There exists a ∈ R \ {0}, a 2 = 0. Because aa * is not nilpotent, Theorem 1 implies that we can find m ∈ N such that 1 + ma, 1 + ma * ∼ = F 2 . This implies
A. SALWA (2) If eR(1 − e) = 0 and (1 − e)Re = 0, then er = ere and re = ere for r ∈ R. Hence er = re and e ∈ Z(R), a contradiction. Therefore eR(1 − e) = 0 or (1 − e)Re = 0. Let for example eR(1 − e) = 0. Then we can find r ∈ R such that er(1 − e) = 0. Since [er(1 − e)] 2 = 0, case (1) applies.
Corollary 3.
Let R be a positive-definite prime ring. If R has zero divisors, then F 2 ⊆ U (R).
Proof. Assume that ab = 0, a, b ∈ R \ {0}. By primeness of R we can find r ∈ R such that bra = 0. Because (bra) 2 = 0, we have F 2 ⊆ U(R) by Corollary 2. 
